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Scaling of the running time of the quantum adiabatic algorithm for propositional satisfiability
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We numerically study the quantum adiabatic algorithm for propositional satisfiability. A new class of pre-
viously unknown hard instances is identified among random problems. We numerically find that the running
time for such instances grows exponentially with their size. The worst case complexity of the quantum
adiabatic algorithm therefore seems to be exponential.
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I. INTRODUCTION algorithm has also been experimentally realized on a NMR
qguantum computefl3]. While the numerics for the number
Computers play a vital role in modern society. Since itspartitioning problem showed exponential scaliagthe scal-
inception in the middle of the previous century, the power ofing of the running time in other NPC problems is still un-
digital computers has been growing exponentially with time.clear. For instance, for a paradigmatic example of a NPC
How long can this growth be sustained? Great interest ifproblem called 3-satisfiability3-SAT), polynomial scaling
recent years in quantum computing is partially fueled by the~n® of the median cost has been found [, albeit for
discovery that quantum computers could perform certairsmall problem instances. Needless to say, the implications of
tasks faster than any classical computer. An example is thgaving a polynomial quantum adiabatic algorithm for the
famous Shor factoring algorithrifil] which is polynomial, NPC problem would be enormous. But we have to keep in
whereas the best known classical algorithm is superpolynomind that the computational complexity is defined in terms
mial. According to computational complexity, problems canof the worst case performance.
be divided into two large groups. Those for which the time to  Although the studies so far focused on presumably hard
find a solution grows polynomially with the size of the prob- instances of 3-SAT problems, we will show that there exists
lem belong to the so-called P clagsolynomia) and those a class of even harder 3-SAT instances not known before. We
that require polynomial time to verify the solution belong to will present clear numerical evidence for an exponential scal-
NP (nondeterministic polynomial An especially important ing of the running time of the quantum adiabatic algorithm
subset of NP problems is called NRGP complet¢. They  for these 3-SAT instances. This finding could also be relevant
have the property that any NP problem can be transformed tfor classical algorithm development, where hard instances
a NPC problem in a polynomial time. Therefore, finding aare used in algorithm design and testing.
polynomial algorithm for a single NPC problem would im-  The outline of the paper is as follows. In Sec. Il we intro-
mediately provide a polynomial algorithm for all NP prob- duce the problem studied: namely, a random 3-SAT. In Sec.
lems. Currently all known algorithms need exponential timelll the quantum adiabatic algorithm is defined and the degen-
to solve NPC problems. In a vague way it can be said thagracies of the initial and final Hamiltonians are explored. In
NPC are the hardest of NP problems. Sec. IV we study the probability to successfully obtain cor-
Recently a novel way of doing quantum computation viarect result. Then in Sec. V the energy spectrum during adia-
adiabatic evolution has been suggesf@d|. The idea of batic evolution is studied and finally in Sec. VI the scaling of
using adiabatic evolution to do quantum computation is venthe energy gap and running time is presented.
simple and elegant. One starts with the system in the ground
state of the initial Hamiltoniatd(0). Then the Hamiltonian
is adiabatically changed frofd(0) to the finalH(1), whose Il. RANDOM 3-SAT
ground state encodes the solution to the problem we want to
solve. The adiabatic theorem then ensures that if the changt-

ing of the Hamiltonian is sufficiently slow, we end up in the formula is a logical statement involving boolean variables

ground state oH(1) at the end, thereby obtaining the solu- b;. It consists ofm clausesC; in conjunction(logical AND
tion to our problem. Numerical simulation of the adiabatic —ID) '

algorithm for a NPC problem called exact coy8findicated

that the quantum adiabatic algorithm might need a running

time that grows only quadratically with the size of the prob- C, 0G0 OCpy, 1)
lem. Subsequently, there have been many studies of quantum

adiabatic algorithms, mostly numeridd-7], but also some and each claus€; is a disjunction(logical or=0) of 3 lit-
rigorous results are knowf8-11]. It has also been shown erals, where a literal is a variabigor its negation-b; (logi-
recently that adiabatic computation is polynomially equiva-cal NoT==). To illustrate, an instance of a 3-SAT formula
lent to standard quantum computatipt?]. The adiabatic ~with n=4 variables anadn=2 clauses is

In the present paper we will consider the 3-SAT problem.
is a paradigmatic example of a NPC problem. The 3-SAT
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The problem is to decide whether a given 3-SAT formula is VN b,,...p=0,1
satisfiable—i.e., whether there exists a prescription of vari- i
ablesb; such that the 3-SAT formula is true. Such a prescrip-Where a label of statébyb,_;---by)=|b) denotes a binary
tion is called a solution, the number of which will be denoted€xpansion of the state—i.e., the value of each qubit. In fact
by r. The formula given as an exampl2) has many solu- the whole energy spectrum of the initial Hamiltonian is eas-
tions, one being, for instancéy,bsb,b;)=1101, where 1 and ily calculated. It consists of integer energiEg0)=i, with
0 denote true and false, respectively. the degeneracy of levef;(0) being equal to(?). The final

A formula that is a conjunction of disjunctions is said to HamiltonianH(1) is problem dependent. We use a diagonal
be in a conjunctive normal forCNF). Any logical state-  Hamiltonian in the computational basis, with the energy of
ment consisting of], [J, and— operators can be rewritten in state|b) equal to the number of clauses it violates. As all
a CNF form. While the 2-SAT proble€NF formula having  states violating a given clause have the same values of three
at most two literals in each clauskelongs to P, 3-SAT is in  variables occurring in that clause, each clause can be repre-
NPC. Besides being a paradigmatic example of a NPC probsented by a single three-qubit term. For our exantpleve
lem it has wide range of applicability in, e.g., schedulingwould have two terms
problems, hardware verification, etc. It is also directly related
to deductive reasoning important in artificial intelligence. If H(1) =]010(01043,® 1 +]100(1003,; ® 1, (5)
we are given a sl of facts(statementsC;, %= UC;, a new _ _ _
statement,,, can be deduced if a uniAhU {~C,,} is not where subscripts denote on which qubits the operator acts
satisfiable(we arrive at contradiction assumingC,e,); i.e., ~ (Smallest qubit index is the rightmost gn&herefore, a state
we have to solve a SAT problem. |b) satisfying all clausegi.e., a solution would have energy

As the computational complexity is defined in terms of 0, @ state violating a single clause has energy 1, and so on.
worst case performance, hard instances of 3-SAT have beefh® energy spectrum ¢1(1) is therefore composed of inte-
especially intensely studied. Frequently they are obtained bger values betweerEy(1)=0 for the ground state and
randomly drawing clauses, so-called random 3-SAT. A ranEr(1)=mfor a state that would violate all clauses. Of course,
dom 3-SAT consists ofn different random clauses, where the degeneracy of the stateEq(1) of H(1)—i.e., the number
each clause is obtained by picking three different variabhles of solutions—depends on the particular instance in question.
and negating each with probability 1/2. This is the procedurdn the thermodynamic limih— o0, 3-SAT formulas withm/n
we used to obtain random instances of 3-SAT. As we werdelow a “phase transition” point ah/n~=4.2 have many
mainly interested in formulas with only one solution, we solutions, whereas formulas with/n>4.2 have no solution
solved each instance and rejected those not having exacti{t4]. Whereas the spectrum bii(0) is fixed, the spectrum of
one solution. In the literature, on the other hand, they usuallyd(1) is instance dependent. An example of the spectrum of
study random 3-SAT formulas with an arbitrary number ofH(0) and H(1) for one particular 3-SAT instance havimyg
solutions. In such a case a phase transition is fgad$lwith =14 variables anan=42 clauses is shown in Fig. 1. From
the hardest instances occurring around the phase-transitiahe spectrum of(1) we see, for instance, that there are no
point of m/n~4.2. As we will see, random 3-SAT instances states violating more than 12 clauses and the most abundant
with exactly one solution and smath/n will turn out to be  are 3720 states violating 5 claugesth energyE=5). There
harder than those at the phase transitiand having an ar- is only one state with energi=0; thus, there is only one
bitrary number of solutions The correct choice of hard in- solution. Throughout the work we will focus only on 3-SAT
stances of 3-SAT is therefore absolutely essential in order tgroblems having exactly one solution=1. Later we will
see clearly the exponential scaling of the running time. Folargue that such problems are expected to be the hardest.

more information about a phase transition in random 3-SAT  The interpolating Hamiltonian betweéf(0) andH(1) is
see also the papers [r15] and a|50[16,17]. For classical chosen according to the prescription

SAT problem solving see, e.g., the collectioni8].

t
IIl. HAMILTONIAN FOR THE ADIABATIC ALGORITHM H(s)=(1-9)H(0) +sH(1), s= ?, (6)

The construction of a Hamiltonian for the 3-SAT problem
is straightforward. For each variable we have to have availwheres=t/T is a dimensionless time andis the total run-
able two states—i.e., one qubit—giving the dimension of thening time of the adiabatic algorithm. The evolution of an
total Hilbert spaceN=2". The initial H(0) is problem inde- arbitrary statg) is given by a time-dependent Schrodinger
pendent and we choose it to be a sum of one-qubit Hamiltoequation

niansH, acting on theith qubit, 1

1o 1 -1
HO= 32 H el H-= (_ L1 ) (3) (dvds)
= where for our choice of constant speed along the interpolat-
The ground statéEy(0)) of the initial Hamiltonian has en- ing pathH(s), Eq.(6), (dt/ds) is constant and equal fB In

ergy E,=0 and is a uniform superposition of all computa- all our numerical experiments we get 1 so that our energy
tional states, and time shown in figures are dimensionless. In theoretical

d
i [ =H(S)|y), (7)
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dt |dH/dS|

; | [ initial Hamiltonian ds’ h (2 (©)
14 Y

: L . The above two adiabatic conditiof8) give us the neces-
13 y " . . .

: | H final Hamiltonian sary condition for the adiabatic evolution. What would be
124 desirable to know is also the probability of nonadiabatic tran-
11 sitions. This would then give us a direct way to calculate the
10h necessary running time for the desired probability to stay in

: the ground state at the end. For two- and three-level systems

oK there is an exact expression. In the limit of slow evolution it

3 is the famous Landau-Zener formu[d9,20, giving the
& 7 ' probability of a transition in a two-level system, where the
g L two eigenenergies arfg; ;(s),

6
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here, A is a minimum gapy(s), T is a constant parameter
degeneracy connectings=t/T, andt runs from —o to «. For a discussion
_ _ ) of the transitions in multilevel systems géd]. The Landau-
FIG. 1. (Color onling Degeneracy of the initialleft) and final 7001 formula has been used beffféto describe the adia-
e e s e st 7, atc agorm under e assumpion at random mat sia-
intermediate times is shlown in Fig. 2 tistics apphgs to avoided (_:rossmgs._The_two—Ievgl transition
T probability is also used in the adiabatic algorithm for a
] ] ) . . Grover search9].
considerations though we will retafifor dimensional con- Let us first have a look at the lower part of a typical
sistency. _ _ _ spectrum ofH(s) to see what is the nature of the transitions.
The interpolating “path” betweeH(0) andH(1) is quite 14 fing the lowest eigenvalues we used an implicitly re-
arbitrary as well as the initial HamiltoniaH(0), while the  giarted Lanczos methd@2), suitable for sparse eigenvalue
final Hamiltonian is determined by the problem in question.problems. By this we could find the lowest few eigenvalues
Instead of having a uniform speed of interpolation we couldsgy n up to 20—i.e., Hilbert space sizéé~10°. One par-
vary it according to the energy gap. Such refinements are n@fcylar example fon=14 andm=42 is shown in Fig. 2. Only
the subject of the present paper. In adiabatic quantum conhe |owest 18 levels out of a tothl=16 384 are shown. We
putations the hard question of computational complexity iscan see that there @nly one avoided crossinghe same was
translated into théperhapspeasier question of the scaling of the case in all other cases we have checked. The reason to
the energy gap. At least there are plenty of tools available fopaye only one avoided crossing is unclear to us. It might be
studying energy gaps. connected with the fact that we have a finite gap at the be-
ginning and at the end of the algorithm. Similar behavior has
been found by other researchgééd. Now provided we have
only one close encounter of the two lowest levels, we can use

In studying quantum adiabatic algorithms one usually nudegenerate perturbation theory—i.e., consider only two clos-
merically looks at the probability of successfully finding the €st levels. The transition probability is then given simply by
solution for different running time¥ [3—6]. The adiabaticity ~the Landau-Zener formulél0). We first checked how well

condition, guaranteeing adiabatic evolution, is usually statedhe Landau-Zener formula describes the transition probabil-
as ity for a real 3-SAT case, such as is, for example, the one in

Fig. 2. To obtain the probability for a transition from the

1 |dH/ds] ground state using Landau-Zener form{l#®) we fitted the
———5ds, (8) parabola around the avoided crossing to determine two pa-

o N9 rameters, the gap and the asymptotic slop&, needed in

the Landau-Zener formula. For the case in Fig. 2, for in-
where y(s)=E;(s)-Ey(s) is the energy gap between the stance, we obtaid=0.0318 andA=2.67(dashed line in Fig.
ground state and the first excited state. The adiabatic cond®). Then we compared; (10) with the result of a direct
tion can also be stated locally, saying that the local invers@umerical simulation of a time-dependent Schrédinger equa-
speed has to be larger than tion (7). We discretized time into small stepl (typically

IV. FAILURE PROBABILITY

T>1h
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1.6 : more excited levels are crowded into a region of energies
L3r . . L . o] betweenE~1 andE~=~ 2, where the avoided crossing takes
1"6_62 064 0.66 068 07 072 074 076 078 place. The number of such levels is connected with the de-
s generacies of the first excited levels at the beginning and at
, the end of the algorithm. The degeneracy of the first excited
o o 5 g Lor o e SheCHTnSta® level o) i e and cqual a, whereas he degeneracy
=14,m/n=3, the same instance as in Fig. 1. We can see the avoide.(af the first excited Ievel_at the end varies fror_n Instance to
cros,sing als,z 0.7. The dashed line is a fitted avoided crossing—mStance' We therefore first wanted © Idemlfy instances that
i.e., line Ey(s)— AZ+(AS’—whose parameters are obtained by fit- have t_he highest degeneracy of the first excited states at the
ting the parabola at the crossing. end_,s—l (remember that we always look at 3-SAT problems
having exactly one solutiom,=1). We calculated average
degeneraciedaveraged over 10000 instances of random
dt~0.1) and then calculated one-step propagatb(dt) 3-SAT with r'=1 solution of the final H.ami!toniarH(l) for
=ex—iH(t)dt/#] by expansion in a power series. The pre_n:10 and differentm. The results are in Fig. 4. We can see
cision was controlled throughout the calculation. At the endth.at the pealg of the degeqeracy moves to smaller energies
f the simulation, at time=T, we obtain a final stata)(T)) with .decrea_smg*n/n. More _|mportantly, the deg.eneracy of
0 i .. _the first excited staté&he height of the second hancreases
and then calculate the overlap with the ground state, givingit gecreasingn/n as well. Therefore, to have as high de-
us the numerical probabilitp(ground to remain in the generacy of the first excited state as possible, we have to
ground state. In Fig. 3 we compare this numerical value withaye small ration/n. Note that nothing particular happens at
the Landau-Zener formula. One can see a very good agreghe point of the “phase transition” at/n~4-5. From now
ment already in a regime of smdl| where the probability to

stay in the ground state is small. Therefore, the Landau- 39 -
Zener formula perfectly describes the probability to stay in g9l |
K

0F

FIG. 3. (Color online@ Comparison of the success probability
p(ground obtained with direct numerical simulatigpluse$ with
P, obtained from Landau-Zener formul&0). In the inset the same
data are shown in a semilogarithmic scale for longer times. All is
for the same 3-SAT instance shown in Fig. 2.

o

the ground state in all practically relevant regife., for
high p(ground]. From now on we will focus on the scaling
of 7.z with the sizen of a problem.

i
o
o

g

degeneracy

V. SPECTRUM

There are two parameters determining,. The
asymptotic slopeA at the avoided crossing has a value of
around 2(ground-state energy changes from 0~td at the FIG. 4. (Color onling Degeneracies of the spectrum of final
avoided crossing and back to 0 st1) and does not vary HamiltonianH(1) for different ratiosm/n. The degeneracy of the
appreciably witt. The main dependence af, onn will be first excited state increases with decreasimgn. All points are an
therefore given by the scaling of the minimal gapHeuris-  average over 10 000 random 3-SAT instances with exactly one so-
tically one could argue that the gapwill be smaller when |ution; i.e., the degeneracy of the ground state Vé&ithO isr=1.
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n FIG. 6. (Color online Running time(number of flips for the

classicalgsar algorithm solving 3-SAT instances with exactly one

solution (top pointg and instances with at least one solutitiot-

tom pointg. All is for n=20 and an average over 1000 random
-SAT instances is performed. Error bars show the standard devia-

tion at each point.

FIG. 5. (Color online Degeneracy of the first excited state of
the finalH(1) for differentn and m/n. Exponential growth can be
seen form/n=3, while form/n=5 and 4.5(around the phase tran-
sition) the degeneracy is much smaller and the functional form o
the growth cannot be established.

on we will choosem/n=3, as such 3-SAT instances have grows with decreasingn/n. We see that such problems are
high degeneracy of the first excited state. If this degeneracgctuallyharderthan the problems at the phase transition. The
increases exponentially with we have a fair chance that the same behavior is expected also in other local search algo-
gapA will also decrease exponentially. We therefore checkedithms. On the other hand, there are also complete methods
the scaling of the degeneracy of the first excited staté(aj for solving satisfiability problems. The most widely used is
with n at a constant ration/n=3. The results are shown in the so-calledbpLL [24] algorithm and its derivations. It
Fig. 5. We can see clear exponential growthfom=3 with  searches through a solution tree and can both prove unsatis-
the fitted exponential=8.2e>2", For larger m/n—i.e., fiability or find a solution in a finit€éexponentigl number of
around the phase transition—the growth is much slower andteps. Preliminary results shd@5] that random 3-SAT in-
an exponential dependence cannot be firmly established. stances with one solution are harder than instances at the
Random 3-SAT instances witm/n=3 and exactly one phase transition also for such complete algorithms.
solution are therefore our candidates for hard problems. For Why have such instances with one solution and smafi
such instances the number of states violating only one claudgeen overlooked so far in a vast literature on phase transi-
[i.e., the degeneracy of the first excited staté4¢f)] grows  tions in random 3-SAT14-17? The answer is very simple.
exponentially withn and so the energy gap is expected toThey are exponentially rare among random 3-SAT instances
decrease exponentially and consequently the running time tdor smallm/n most have many solutionand so they do not
increase exponentially. What is the difficulty of such 3-SAT show up in the average behavior that was usually studied.
instances for classical algorithms? One could expect thdievertheless, as the computational complexity is defined in
classical algorithms will also have a hard time finding theterms of a worst case performance, such problems are impor-
solution as it is “surrounded” by exponentially many statestant. In Fig. 7 we show how frequently one gets a 3-SAT
that violate only one clause. To illustrate this we tested groblem with exactly one solution among randomly drawn
classicalGsAT algorithm with random walk extensioi23].  3-SAT problems at smath/n=3. The best fitting line in the
GSAT belongs to a group of incomplete algorithms for 3-SAT figure is exponential=2.3e%". The fact that 3-SAT withr
meaning that there is na priori terminating condition. All =1 and smalim/n are exponentially rare makes their genera-
such algorithms are variants of a local search. Concretely, ition very time consuming as we have to solve very many
the GsAT algorithm one variable is negatéflipped) at each instances before we arrive at the “right one” with exactly one
step. The variable to negate is chosen so that the resultirgplution.
state satisfies a maximum number of clauses. Note that the

GSAT algorithm cannot prove unsatisfiability and is therefore VI. SCALING OF THE RUNNING TIME
suitable only for solvable instances. In Fig. 6 we show the
average number of flips needed to find a solutionrfer20 Finally, after identifying 3-SAT instances that are ex-

and different number of clauses. The data shown are an pected to be hard for the quantum adiabatic algorithm due to
average over 1000 instances having exactly one solution exponentially many states residing just above the ground
=1 and, for comparison, also for problems with at least onestate and after seeing that such instances are hard also for
solutionr = 1. We can see that for problems with at least oneclassical algorithms, we turn to the numerical calculation of
solution we have a characteristic phase-transition deperihe scaling of the running time of the quantum adiabatic
dence[14,15 with the hardest instances at aroundn  algorithm for 3-SAT problems witlr=1 andm/n=3. For
~4.2. On the other hand, fo=1 the difficulty of problems eachn we generate 100 such instances, find the position of
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FIG. 7. (Color online Frequency of 3-SAT formulas—i.e., the FIG. 9. (Color online Dependence of the running tintaccord-

inverse probability to get such a formula—with exaatlyl solu-  ing to the Landau-Zener formylan n for 3-SAT with m/n=3 and
tion among random instances mtn=3. Each point is an average r=1 solution(same data as for Fig).8Top points are for a maximal
over 100 instances. The line is an exponential fit. gap, middle for the average, and bottom for the medign(aver-

age over 100 instances€Exponential growth over 7 orders of mag-

o nitude can be seen.
the minimum of the energy gap, and from the curvature at

the gap determine the necessary running time according to
the Landau-Zener formulél0). In Fig. 8 we show the de-
pendence of the minimal gapon the sizen. An exponential

We should mention that if one looks at the scaling of, e.g.,
the energy gap for problems with one solution at larger
m/n—say, around the phase transition—the functional de-

fit gives the dependence0.9%°? for the averaged and q be firml blished. It Iooks lik

~2e795% for a minimal A (out of 100 instancésA clear ~ Pcndence can not be firmly established. Itlooks like a power-

exponential decrease can be seen over several orders of mellaw ~n™°% but the exponential dependence with a very
P {all exponente.g.,~e%) cannot be excluded. This is in

nitude. Similar exponential behavior can be seen also in thggreement with a similar behavior of degeneracies in Fig. 5.

dependence of the running timeg, in Fig. 9. Exponential X . . X i
fits give scaling=1.4e>% for a maximalr,,, ~0.05%% for It mlght. be that the asymptotic regime of exponential depen
dence is not yet reached for smal 20 amenable to nu-

the averager,; and =0.2¢°% for a median time. We have ) S : ;
. . . merical study. This is probably the reason why in previous
therefore numerically established amponentialgrowth of . L .
studies no clear exponential time dependence could be iden-

the running time of the adiabatic quantum algorithm fortiﬁed
3-SAT with the problem size. '

VIl. CONCLUSION

We have numerically studied the quantum adiabatic algo-
rithm for the 3-SAT problem. First, we identified a class of
difficult random 3-SAT instances not known previously.
These are instances with exactly one solution and a small
number of clausege.g.,m/n=3). Such 3-SAT instances are

01 ¢

g 0.01 exponentially rare, which is the reason they have not been
o observed so far. Nevertheless, as the computational complex-
0.001 L ity is concerned with the worst case performance, they deter-
mine the complexity of the algorithm. They have exponen-
tially many assignments of variables that violate only one
1e-04 - clause and thereby exponentially many states just above the

“ ground state of the final Hamiltonian. Therefore, the energy
gap for such instances decreases exponentially with the size
of the problem and, as a consequence, the running time
grows exponentially. This provides a firm numerical evi-
FIG. 8. (Color onling Dependence of the energy gapnn for ~ dence that the usual quantum adiabatic algorithm for 3-SAT
3-SAT with m/n=3 andr=1 solution. Top points are for the aver- Nas exponential complexity.
age gap and bottom for the minimal g#éaverage over 100 in- In addition, such a class of 3-SAT instances is eXpeCted to
stances Two lines are exponential fits. For=16 andn=18 we  be difficult also for classical algorithms. In local search al-
show the results of two independent runs to give an impressiogorithms exponentially many “fake” solutions, violating only
about the fluctuations. one clause, will effectively “shadow out” the real solution. In
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