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We numerically study the quantum adiabatic algorithm for propositional satisfiability. A new class of pre-
viously unknown hard instances is identified among random problems. We numerically find that the running
time for such instances grows exponentially with their size. The worst case complexity of the quantum
adiabatic algorithm therefore seems to be exponential.
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I. INTRODUCTION

Computers play a vital role in modern society. Since its
inception in the middle of the previous century, the power of
digital computers has been growing exponentially with time.
How long can this growth be sustained? Great interest in
recent years in quantum computing is partially fueled by the
discovery that quantum computers could perform certain
tasks faster than any classical computer. An example is the
famous Shor factoring algorithmf1g which is polynomial,
whereas the best known classical algorithm is superpolyno-
mial. According to computational complexity, problems can
be divided into two large groups. Those for which the time to
find a solution grows polynomially with the size of the prob-
lem belong to the so-called P classspolynomiald and those
that require polynomial time to verify the solution belong to
NP snondeterministic polynomiald. An especially important
subset of NP problems is called NPCsNP completed. They
have the property that any NP problem can be transformed to
a NPC problem in a polynomial time. Therefore, finding a
polynomial algorithm for a single NPC problem would im-
mediately provide a polynomial algorithm for all NP prob-
lems. Currently all known algorithms need exponential time
to solve NPC problems. In a vague way it can be said that
NPC are the hardest of NP problems.

Recently a novel way of doing quantum computation via
adiabatic evolution has been suggestedf2,3g. The idea of
using adiabatic evolution to do quantum computation is very
simple and elegant. One starts with the system in the ground
state of the initial HamiltonianHs0d. Then the Hamiltonian
is adiabatically changed fromHs0d to the finalHs1d, whose
ground state encodes the solution to the problem we want to
solve. The adiabatic theorem then ensures that if the chang-
ing of the Hamiltonian is sufficiently slow, we end up in the
ground state ofHs1d at the end, thereby obtaining the solu-
tion to our problem. Numerical simulation of the adiabatic
algorithm for a NPC problem called exact coverf3g indicated
that the quantum adiabatic algorithm might need a running
time that grows only quadratically with the size of the prob-
lem. Subsequently, there have been many studies of quantum
adiabatic algorithms, mostly numericalf4–7g, but also some
rigorous results are knownf8–11g. It has also been shown
recently that adiabatic computation is polynomially equiva-
lent to standard quantum computationf12g. The adiabatic

algorithm has also been experimentally realized on a NMR
quantum computerf13g. While the numerics for the number
partitioning problem showed exponential scalingf4g the scal-
ing of the running time in other NPC problems is still un-
clear. For instance, for a paradigmatic example of a NPC
problem called 3-satisfiabilitys3-SATd, polynomial scaling
,n3 of the median cost has been found inf6g, albeit for
small problem instances. Needless to say, the implications of
having a polynomial quantum adiabatic algorithm for the
NPC problem would be enormous. But we have to keep in
mind that the computational complexity is defined in terms
of the worst case performance.

Although the studies so far focused on presumably hard
instances of 3-SAT problems, we will show that there exists
a class of even harder 3-SAT instances not known before. We
will present clear numerical evidence for an exponential scal-
ing of the running time of the quantum adiabatic algorithm
for these 3-SAT instances. This finding could also be relevant
for classical algorithm development, where hard instances
are used in algorithm design and testing.

The outline of the paper is as follows. In Sec. II we intro-
duce the problem studied: namely, a random 3-SAT. In Sec.
III the quantum adiabatic algorithm is defined and the degen-
eracies of the initial and final Hamiltonians are explored. In
Sec. IV we study the probability to successfully obtain cor-
rect result. Then in Sec. V the energy spectrum during adia-
batic evolution is studied and finally in Sec. VI the scaling of
the energy gap and running time is presented.

II. RANDOM 3-SAT

In the present paper we will consider the 3-SAT problem.
It is a paradigmatic example of a NPC problem. The 3-SAT
formula is a logical statement involvingn boolean variables
bi. It consists ofm clausesCi in conjunctionslogical AND

=∧d,

C1 ∧ C2 ∧ ¯ ∧ Cm, s1d

and each clauseCi is a disjunctionslogical OR=∨d of 3 lit-
erals, where a literal is a variablebi or its negation¬bi slogi-
cal NOT=¬d. To illustrate, an instance of a 3-SAT formula
with n=4 variables andm=2 clauses is
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sb2 ∨ ¬ b3 ∨ b4d ∧ sb1 ∨ b2 ∨ ¬ b3d. s2d

The problem is to decide whether a given 3-SAT formula is
satisfiable—i.e., whether there exists a prescription of vari-
ablesbi such that the 3-SAT formula is true. Such a prescrip-
tion is called a solution, the number of which will be denoted
by r. The formula given as an examples2d has many solu-
tions, one being, for instance,sb4b3b2b1d=1101, where 1 and
0 denote true and false, respectively.

A formula that is a conjunction of disjunctions is said to
be in a conjunctive normal formsCNFd. Any logical state-
ment consisting of∧, ∨, and¬ operators can be rewritten in
a CNF form. While the 2-SAT problemsCNF formula having
at most two literals in each claused belongs to P, 3-SAT is in
NPC. Besides being a paradigmatic example of a NPC prob-
lem it has wide range of applicability in, e.g., scheduling
problems, hardware verification, etc. It is also directly related
to deductive reasoning important in artificial intelligence. If
we are given a setS of factssstatementsd Ci, S= øCi, a new
statementCnew can be deduced if a unionSø h¬Cnewj is not
satisfiableswe arrive at contradiction assuming¬Cnewd; i.e.,
we have to solve a SAT problem.

As the computational complexity is defined in terms of
worst case performance, hard instances of 3-SAT have been
especially intensely studied. Frequently they are obtained by
randomly drawing clauses, so-called random 3-SAT. A ran-
dom 3-SAT consists ofm different random clauses, where
each clause is obtained by picking three different variablesbi
and negating each with probability 1/2. This is the procedure
we used to obtain random instances of 3-SAT. As we were
mainly interested in formulas with only one solution, we
solved each instance and rejected those not having exactly
one solution. In the literature, on the other hand, they usually
study random 3-SAT formulas with an arbitrary number of
solutions. In such a case a phase transition is foundf14g with
the hardest instances occurring around the phase-transition
point of m/n<4.2. As we will see, random 3-SAT instances
with exactly one solution and smallm/n will turn out to be
harder than those at the phase transitionsand having an ar-
bitrary number of solutionsd. The correct choice of hard in-
stances of 3-SAT is therefore absolutely essential in order to
see clearly the exponential scaling of the running time. For
more information about a phase transition in random 3-SAT
see also the papers inf15g and alsof16,17g. For classical
SAT problem solving see, e.g., the collection inf18g.

III. HAMILTONIAN FOR THE ADIABATIC ALGORITHM

The construction of a Hamiltonian for the 3-SAT problem
is straightforward. For each variable we have to have avail-
able two states—i.e., one qubit—giving the dimension of the
total Hilbert spaceN=2n. The initial Hs0d is problem inde-
pendent and we choose it to be a sum of one-qubit Hamilto-
niansHi acting on theith qubit,

Hs0d =
1

2o
i=1

n

Hi ^ 1, Hi = S 1 − 1

− 1 1
D . s3d

The ground stateuE0s0dl of the initial Hamiltonian has en-
ergy E0=0 and is a uniform superposition of all computa-
tional states,

uE0s0dl =
1

ÎN
o

b1,. . .,bn=0,1
ubn ¯ b1l, s4d

where a label of stateubnbn−1¯b1l= ubl denotes a binary
expansion of the state—i.e., the value of each qubit. In fact
the whole energy spectrum of the initial Hamiltonian is eas-
ily calculated. It consists of integer energiesEis0d= i, with
the degeneracy of levelEis0d being equal tos n

i
d. The final

HamiltonianHs1d is problem dependent. We use a diagonal
Hamiltonian in the computational basis, with the energy of
state ubl equal to the number of clauses it violates. As all
states violating a given clause have the same values of three
variables occurring in that clause, each clause can be repre-
sented by a single three-qubit term. For our examples2d we
would have two terms

Hs1d = u010lk010u432 ^ 1 + u100lk100u321 ^ 1, s5d

where subscripts denote on which qubits the operator acts
ssmallest qubit index is the rightmost oned. Therefore, a state
ubl satisfying all clausessi.e., a solutiond would have energy
0, a state violating a single clause has energy 1, and so on.
The energy spectrum ofHs1d is therefore composed of inte-
ger values betweenE0s1d=0 for the ground state and
Ems1d=m for a state that would violate all clauses. Of course,
the degeneracyr of the stateE0s1d of Hs1d—i.e., the number
of solutions—depends on the particular instance in question.
In the thermodynamic limitn→`, 3-SAT formulas withm/n
below a “phase transition” point atm/n<4.2 have many
solutions, whereas formulas withm/n.4.2 have no solution
f14g. Whereas the spectrum ofHs0d is fixed, the spectrum of
Hs1d is instance dependent. An example of the spectrum of
Hs0d and Hs1d for one particular 3-SAT instance havingn
=14 variables andm=42 clauses is shown in Fig. 1. From
the spectrum ofHs1d we see, for instance, that there are no
states violating more than 12 clauses and the most abundant
are 3720 states violating 5 clausesswith energyE=5d. There
is only one state with energyE=0; thus, there is only one
solution. Throughout the work we will focus only on 3-SAT
problems having exactly one solution,r =1. Later we will
argue that such problems are expected to be the hardest.

The interpolating Hamiltonian betweenHs0d andHs1d is
chosen according to the prescription

Hssd = s1 − sdHs0d + sHs1d, s=
t

T
, s6d

wheres= t /T is a dimensionless time andT is the total run-
ning time of the adiabatic algorithm. The evolution of an
arbitrary stateucl is given by a time-dependent Schrödinger
equation

1

sdt/dsd
i"

d

ds
ucl = Hssducl, s7d

where for our choice of constant speed along the interpolat-
ing pathHssd, Eq. s6d, sdt/dsd is constant and equal toT. In
all our numerical experiments we set"=1 so that our energy
and time shown in figures are dimensionless. In theoretical
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considerations though we will retain" for dimensional con-
sistency.

The interpolating “path” betweenHs0d andHs1d is quite
arbitrary as well as the initial HamiltonianHs0d, while the
final Hamiltonian is determined by the problem in question.
Instead of having a uniform speed of interpolation we could
vary it according to the energy gap. Such refinements are not
the subject of the present paper. In adiabatic quantum com-
putations the hard question of computational complexity is
translated into thesperhaps?d easier question of the scaling of
the energy gap. At least there are plenty of tools available for
studying energy gaps.

IV. FAILURE PROBABILITY

In studying quantum adiabatic algorithms one usually nu-
merically looks at the probability of successfully finding the
solution for different running timesT f3–6g. The adiabaticity
condition, guaranteeing adiabatic evolution, is usually stated
as

T @ "E
0

1 idH/dsi
gssd2 ds, s8d

where gssd=E1ssd−E0ssd is the energy gap between the
ground state and the first excited state. The adiabatic condi-
tion can also be stated locally, saying that the local inverse
speed has to be larger than

dt

ds
@ "

idH/dsi
gssd2 . s9d

The above two adiabatic conditionss8d give us the neces-
sary condition for the adiabatic evolution. What would be
desirable to know is also the probability of nonadiabatic tran-
sitions. This would then give us a direct way to calculate the
necessary running time for the desired probability to stay in
the ground state at the end. For two- and three-level systems
there is an exact expression. In the limit of slow evolution it
is the famous Landau-Zener formulaf19,20g, giving the
probability of a transition in a two-level system, where the
two eigenenergies areE0,1ssd,

P↑ = expS−
T

tLZ
D, tLZ =

2A"

pD2 ,

E0,1ssd = ±
1

2
ÎD2 + sAsd2; s10d

here,D is a minimum gapgssd, T is a constant parameter
connectings= t /T, andt runs from −̀ to `. For a discussion
of the transitions in multilevel systems seef21g. The Landau-
Zener formula has been used beforef7g to describe the adia-
batic algorithm under the assumption that random matrix sta-
tistics applies to avoided crossings. The two-level transition
probability is also used in the adiabatic algorithm for a
Grover searchf9g.

Let us first have a look at the lower part of a typical
spectrum ofHssd to see what is the nature of the transitions.
To find the lowest eigenvalues we used an implicitly re-
started Lanczos methodf22g, suitable for sparse eigenvalue
problems. By this we could find the lowest few eigenvalues
for n up to 20—i.e., Hilbert space sizesN,106. One par-
ticular example forn=14 andm=42 is shown in Fig. 2. Only
the lowest 18 levels out of a totalN=16 384 are shown. We
can see that there isonly one avoided crossing; the same was
the case in all other cases we have checked. The reason to
have only one avoided crossing is unclear to us. It might be
connected with the fact that we have a finite gap at the be-
ginning and at the end of the algorithm. Similar behavior has
been found by other researchersf6g. Now provided we have
only one close encounter of the two lowest levels, we can use
degenerate perturbation theory—i.e., consider only two clos-
est levels. The transition probability is then given simply by
the Landau-Zener formulas10d. We first checked how well
the Landau-Zener formula describes the transition probabil-
ity for a real 3-SAT case, such as is, for example, the one in
Fig. 2. To obtain the probability for a transition from the
ground state using Landau-Zener formulas10d we fitted the
parabola around the avoided crossing to determine two pa-
rameters, the gapD and the asymptotic slopeA, needed in
the Landau-Zener formula. For the case in Fig. 2, for in-
stance, we obtainD=0.0318 andA=2.67sdashed line in Fig.
2d. Then we comparedP↑ s10d with the result of a direct
numerical simulation of a time-dependent Schrödinger equa-
tion s7d. We discretized time into small stepsdt stypically

FIG. 1. sColor onlined Degeneracy of the initialsleftd and final
Hamiltoniansrightd for one 3-SAT instance withn=14,m/n=3, and
exactly one solutionr =1. The lower part of the spectrum for all
intermediate timess is shown in Fig. 2.
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dt,0.1d and then calculated one-step propagatorUsdtd
=expf−iHstddt/"g by expansion in a power series. The pre-
cision was controlled throughout the calculation. At the end
of the simulation, at timet=T, we obtain a final stateucsTdl
and then calculate the overlap with the ground state, giving
us the numerical probabilitypsgroundd to remain in the
ground state. In Fig. 3 we compare this numerical value with
the Landau-Zener formula. One can see a very good agree-
ment already in a regime of smallT, where the probability to
stay in the ground state is small. Therefore, the Landau-
Zener formula perfectly describes the probability to stay in
the ground state in all practically relevant regimefi.e., for
high psgrounddg. From now on we will focus on the scaling
of tLZ with the sizen of a problem.

V. SPECTRUM

There are two parameters determiningtLZ. The
asymptotic slopeA at the avoided crossing has a value of
around 2sground-state energy changes from 0 to<1 at the
avoided crossing and back to 0 ats=1d and does not vary
appreciably withn. The main dependence oftLZ on n will be
therefore given by the scaling of the minimal gapD. Heuris-
tically one could argue that the gapD will be smaller when

more excited levels are crowded into a region of energies
betweenE<1 andE<2, where the avoided crossing takes
place. The number of such levels is connected with the de-
generacies of the first excited levels at the beginning and at
the end of the algorithm. The degeneracy of the first excited
level of Hs0d is fixed and equal ton, whereas the degeneracy
of the first excited level at the end varies from instance to
instance. We therefore first wanted to identify instances that
have the highest degeneracy of the first excited states at the
end,s=1 sremember that we always look at 3-SAT problems
having exactly one solution,r =1d. We calculated average
degeneraciessaveraged over 10 000 instances of random
3-SAT with r =1 solutiond of the final HamiltonianHs1d for
n=10 and differentm. The results are in Fig. 4. We can see
that the peak of the degeneracy moves to smaller energies
with decreasingm/n. More importantly, the degeneracy of
the first excited statesthe height of the second bard increases
with decreasingm/n as well. Therefore, to have as high de-
generacy of the first excited state as possible, we have to
have small ratiom/n. Note that nothing particular happens at
the point of the “phase transition” atm/n<4–5. From now

FIG. 2. sColor onlined Lower part of the spectrumslowest 18
levels out of totalN=16 384d for one instance of 3-SAT withn
=14,m/n=3, the same instance as in Fig. 1. We can see the avoided
crossing ats<0.7. The dashed line is a fitted avoided crossing—
i.e., lineE1ssd−ÎD2+sAsd2—whose parameters are obtained by fit-
ting the parabola at the crossing.

FIG. 3. sColor onlined Comparison of the success probability
psgroundd obtained with direct numerical simulationsplusesd with
P↑ obtained from Landau-Zener formulas10d. In the inset the same
data are shown in a semilogarithmic scale for longer times. All is
for the same 3-SAT instance shown in Fig. 2.

FIG. 4. sColor onlined Degeneracies of the spectrum of final
HamiltonianHs1d for different ratiosm/n. The degeneracy of the
first excited state increases with decreasingm/n. All points are an
average over 10 000 random 3-SAT instances with exactly one so-
lution; i.e., the degeneracy of the ground state withE=0 is r =1.
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on we will choosem/n=3, as such 3-SAT instances have
high degeneracy of the first excited state. If this degeneracy
increases exponentially withn, we have a fair chance that the
gapD will also decrease exponentially. We therefore checked
the scaling of the degeneracy of the first excited state ofHs1d
with n at a constant ratiom/n=3. The results are shown in
Fig. 5. We can see clear exponential growth form/n=3 with
the fitted exponential<8.2e0.21n. For larger m/n—i.e.,
around the phase transition—the growth is much slower and
an exponential dependence cannot be firmly established.

Random 3-SAT instances withm/n=3 and exactly one
solution are therefore our candidates for hard problems. For
such instances the number of states violating only one clause
fi.e., the degeneracy of the first excited state ofHs1dg grows
exponentially withn and so the energy gap is expected to
decrease exponentially and consequently the running time to
increase exponentially. What is the difficulty of such 3-SAT
instances for classical algorithms? One could expect that
classical algorithms will also have a hard time finding the
solution as it is “surrounded” by exponentially many states
that violate only one clause. To illustrate this we tested a
classicalGSAT algorithm with random walk extensionf23g.
GSAT belongs to a group of incomplete algorithms for 3-SAT
meaning that there is noa priori terminating condition. All
such algorithms are variants of a local search. Concretely, in
the GSAT algorithm one variable is negatedsflippedd at each
step. The variable to negate is chosen so that the resulting
state satisfies a maximum number of clauses. Note that the
GSAT algorithm cannot prove unsatisfiability and is therefore
suitable only for solvable instances. In Fig. 6 we show the
average number of flips needed to find a solution forn=20
and different number of clausesm. The data shown are an
average over 1000 instances having exactly one solutionr
=1 and, for comparison, also for problems with at least one
solutionr ù1. We can see that for problems with at least one
solution we have a characteristic phase-transition depen-
dence f14,15g with the hardest instances at aroundm/n
<4.2. On the other hand, forr =1 the difficulty of problems

grows with decreasingm/n. We see that such problems are
actuallyharder than the problems at the phase transition. The
same behavior is expected also in other local search algo-
rithms. On the other hand, there are also complete methods
for solving satisfiability problems. The most widely used is
the so-calledDPLL f24g algorithm and its derivations. It
searches through a solution tree and can both prove unsatis-
fiability or find a solution in a finitesexponentiald number of
steps. Preliminary results showf25g that random 3-SAT in-
stances with one solution are harder than instances at the
phase transition also for such complete algorithms.

Why have such instances with one solution and smallm/n
been overlooked so far in a vast literature on phase transi-
tions in random 3-SATf14–17g? The answer is very simple.
They are exponentially rare among random 3-SAT instances
sfor smallm/n most have many solutionsd and so they do not
show up in the average behavior that was usually studied.
Nevertheless, as the computational complexity is defined in
terms of a worst case performance, such problems are impor-
tant. In Fig. 7 we show how frequently one gets a 3-SAT
problem with exactly one solution among randomly drawn
3-SAT problems at smallm/n=3. The best fitting line in the
figure is exponential<2.3e0.4n. The fact that 3-SAT withr
=1 and smallm/n are exponentially rare makes their genera-
tion very time consuming as we have to solve very many
instances before we arrive at the “right one” with exactly one
solution.

VI. SCALING OF THE RUNNING TIME

Finally, after identifying 3-SAT instances that are ex-
pected to be hard for the quantum adiabatic algorithm due to
exponentially many states residing just above the ground
state and after seeing that such instances are hard also for
classical algorithms, we turn to the numerical calculation of
the scaling of the running time of the quantum adiabatic
algorithm for 3-SAT problems withr =1 and m/n=3. For
eachn we generate 100 such instances, find the position of

FIG. 5. sColor onlined Degeneracy of the first excited state of
the finalHs1d for different n andm/n. Exponential growth can be
seen form/n=3, while for m/n=5 and 4.5saround the phase tran-
sitiond the degeneracy is much smaller and the functional form of
the growth cannot be established.

FIG. 6. sColor onlined Running timesnumber of flipsd for the
classicalGSAT algorithm solving 3-SAT instances with exactly one
solution stop pointsd and instances with at least one solutionsbot-
tom pointsd. All is for n=20 and an average over 1000 random
3-SAT instances is performed. Error bars show the standard devia-
tion at each point.
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the minimum of the energy gap, and from the curvature at
the gap determine the necessary running time according to
the Landau-Zener formulas10d. In Fig. 8 we show the de-
pendence of the minimal gapD on the sizen. An exponential
fit gives the dependence<0.9e−0.2n for the averageD and
<2e−0.52n for a minimal D sout of 100 instancesd. A clear
exponential decrease can be seen over several orders of mag-
nitude. Similar exponential behavior can be seen also in the
dependence of the running timetLZ in Fig. 9. Exponential
fits give scaling<1.4e0.9n for a maximaltLZ, <0.05e0.9n for
the averagetLZ and <0.2e0.6n for a median time. We have
therefore numerically established anexponentialgrowth of
the running time of the adiabatic quantum algorithm for
3-SAT with the problem size.

We should mention that if one looks at the scaling of, e.g.,
the energy gap for problems with one solution at larger
m/n—say, around the phase transition—the functional de-
pendence can not be firmly established. It looks like a power-
law ,n−0.8, but the exponential dependence with a very
small exponentse.g.,,e−0.05nd cannot be excluded. This is in
agreement with a similar behavior of degeneracies in Fig. 5.
It might be that the asymptotic regime of exponential depen-
dence is not yet reached for smallnø20 amenable to nu-
merical study. This is probably the reason why in previous
studies no clear exponential time dependence could be iden-
tified.

VII. CONCLUSION

We have numerically studied the quantum adiabatic algo-
rithm for the 3-SAT problem. First, we identified a class of
difficult random 3-SAT instances not known previously.
These are instances with exactly one solution and a small
number of clausesse.g.,m/n=3d. Such 3-SAT instances are
exponentially rare, which is the reason they have not been
observed so far. Nevertheless, as the computational complex-
ity is concerned with the worst case performance, they deter-
mine the complexity of the algorithm. They have exponen-
tially many assignments of variables that violate only one
clause and thereby exponentially many states just above the
ground state of the final Hamiltonian. Therefore, the energy
gap for such instances decreases exponentially with the size
of the problem and, as a consequence, the running time
grows exponentially. This provides a firm numerical evi-
dence that the usual quantum adiabatic algorithm for 3-SAT
has exponential complexity.

In addition, such a class of 3-SAT instances is expected to
be difficult also for classical algorithms. In local search al-
gorithms exponentially many “fake” solutions, violating only
one clause, will effectively “shadow out” the real solution. In

FIG. 7. sColor onlined Frequency of 3-SAT formulas—i.e., the
inverse probability to get such a formula—with exactlyr =1 solu-
tion among random instances atm/n=3. Each point is an average
over 100 instances. The line is an exponential fit.

FIG. 8. sColor onlined Dependence of the energy gapD on n for
3-SAT with m/n=3 andr =1 solution. Top points are for the aver-
age gap and bottom for the minimal gapsaverage over 100 in-
stancesd. Two lines are exponential fits. Forn=16 andn=18 we
show the results of two independent runs to give an impression
about the fluctuations.

FIG. 9. sColor onlined Dependence of the running timesaccord-
ing to the Landau-Zener formulad on n for 3-SAT with m/n=3 and
r =1 solutionssame data as for Fig. 8d. Top points are for a maximal
gap, middle for the average, and bottom for the mediantLZ saver-
age over 100 instancesd. Exponential growth over 7 orders of mag-
nitude can be seen.
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complete methods, likeDPLL, a wrong assignment of a vari-
able early in the search tree will cause large backtrackings.
Because problems with smallm/n are underconstrained,
such a wrong assignment will be very frequent which will
make the search tree very large. As the performance of
3-SAT solving algorithms is important in many areas, further
study of the behavior of classical algorithms on this new
class of 3-SAT problems in necessary.
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